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In this paper we find invariants for some difference equations and for some
systems of difference equations and then we utilize them to see whether all
solutions of the equations are bounded and persist. Q 1997 Academic Press
1. INTRODUCTION
In this paper, we extend some known invariants of second order differ-
 w x.ence equations to higher order difference equations see 1, 3, 6 . We also
 w x.find invariants for some systems of difference equations see 1, 3, 6 .
 .Consider a difference equation of order k q 1 ,
x s f x , . . . , x , n s 0, 1, . . . 1.1 .  .nq1 n nyk
 .and assume that there exists a nontrivial function I x , . . . , x suchnyk n
 4  .that for every solution x of Eq. 1.1 and for all n G 0,n
I x , . . . , x s const. 1.2 .  .nyk n
 .  .  .Then we say that Eq. 1.1 possesses the in¨ariant 1.2 or that 1.2 is an
 .in¨ariant of Eq. 1.1 .
The invariants of difference equations play an important role in under-
w xstanding the qualitative behavior of their solutions. See 1]5 and the
references cited therein.
A positive solution of a difference equation is said to persist if it is
bounded away from zero by a positive constant.
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In the following we only consider positive solutions.
2. INVARIANTS OF DIFFERENCE EQUATIONS
THEOREM 2.1. The difference equation
a x q???qx qb .n nyky1.
x s ,nq1 cx . . . x qd x . . . x q???qx . . . x x .n nyky1. n nyky2. ny1 nyky1. nyk
n s 0, 1, . . . 2.1 .
possesses the in¨ariant
I s b q a x q ??? qx q dx . . . x .n nyk n nyk n
1 1 1
c q d q ??? q q a s const., 2.2 . /x x x . . . xnyk n nyk n
for all n G 0.
Proof. Set for simplicity,
a x q ??? qx q b s P .ny ky1. n
and
cx . . . x q d x . . . x q ??? qx . . . x s Q. .n nyky1. n nyky2. ny1 nyky1.
Then,
I s b q a x q ??? qx q ax q dx . . . x x .nq1 nyky1. n nq1 nyky1. n nq1
1 1
= c q d q ??? q /x xny ky1. n
1 1 1
qd q a
x x . . . x xnq1 nyky1. n nq1
P P
s P q a q dx . . . xny ky1. nQx Qxnyk nyk
Q Qx 1 Qxnyk nyk
= q d q a
x . . . x P x . . . x Pny ky1. n nyky1. n
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P
s Qx q a q dx . . . xnyk nyky1. nQxnyk
Q 1
w x= P q dx . . . x q axnyk n nykP x . . . xny ky1. n
1 1 1
s c q d q ??? q q a /x x x . . . xnyk n nyk n
= b q a x q ??? qx q dx . . . x .nyk n nyk n
s I .n
Thus I s I and the proof is complete.nq1 n
 .COROLLARY 2.1. E¨ery solution of Eq. 2.1 is bounded and persists.
 .Proof. A straightforward analysis of the invariant 2.2 shows that it is
 .impossible for a solution of Eq. 2.1 to be unbounded or for a solution to
have points arbitrarily close to zero.
 .Remark 2.1. Equation 2.1 , when k s 1, reduces to
ax q bn
x s , n s 0, 1, . . . 2.3 .nq1 cx q d x .n ny1
which possesses the invariant
1 1 1
b q ax q ax q dx x c q d q d q a s const. .ny1 n ny1 n  /x x x xny1 n ny1 n
 w x.  .see 1 . So the invariant 2.2 is an extention of the above invariant. Note
 .that Eq. 2.3 is a generalization of Lyness's equation
x q 1n
x s , n s 0, 1, . . .nq1 xny1
which possesses the invariant
1 1 1
1 q x q x q x x q q s const. .ny1 n ny1 n  /x x x xny1 n ny1 n
 w x.see 4 .
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THEOREM 2.2. The difference equation
max ax , . . . , ax , b 4n nyky1.
x s ,nq1 max cx . . . x , dx . . . x , . . . , dx . . . x x 4n nyky1. n nyky2. ny1 nyky1. nyk
n s 0, 1, . . . 2.4 .
possesses the in¨ariant
 4I s max b , ax , . . . , ax , dx . . . xn nyk n nyk n
d d a
=max c, , . . . , , s const. 5x x x . . . xnyk n nyk n
for all n G 0.
Proof. For simplicity, set
max ax , . . . , ax , b s P 4n nyky1.
and
max cx . . . x , dx . . . x , . . . , dx . . . x s Q. 4n nyky1. n nyky1. ny1 nyky1.
Then,
I s max b , ax , . . . , ax , ax , dx . . . x x 4nq1 nyky1. n nq1 nyky1. n nq1
d d d a 1
=max c, , . . . , , , 5x x x x . . . x xny ky1. n nq1 nyky1. n nq1
P P
s max p , a , dx . . . xny ky1. n 5Qx Qxnyk nyk
Q Qx a Qxnyk nyk
=max , d , 5x . . . x P x . . . x Pny ky1. n nyky1. n
P Q 1
s max Qx , a, dx . . . x 4nyk nyky1. nQx P x . . . xnyk nyky1. n
 4=max P , dx . . . x , axnyk n nyk
d d a
s max c, , . . . , , 5x x x . . . xnyk n nyk n
 4=max b , ax , . . . , ax , dx . . . x s Inyk n nyk n n
and the proof is complete.
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From Theorem 2.2 we obtain the following corollary.
 .COROLLARY 2.2. E¨ery solution of Eq. 2.4 is bounded and persists.
 .Remark 2.2. Equation 2.4 , when k s 1, reduces to the equation
 4max ax , bn
x s , n s 0, 1, . . .nq1  4max cx , d xn ny1
which possesses the invariant
d d a
 4max b , ax , ax , dx x max c, , , s const.,ny1 n ny1 n  5x x x xny1 n ny1 n
 w x.for all n G 0 see 3, 5 .
Thus the invariant of the previous Theorem 2.2 is an extension of the
above invariant.
THEOREM 2.3. The difference equation
x q x x x .n nykq1 n nykq1
x s , n s 0, 1, . . . 2.5 .nq1 x x q x q x x .n nykq1 n nykq1 nyk
possesses the in¨ariant
x x x xnyk nykq1 ny1 n
I s x q ??? qx q q q ??? q qn nyk n x x x xnykq1 nyk n ny1
x xn nykq q s const., 2.6 .
x xnyk n
for all n G 0.
Proof.
x x xnykq1 nykq2 ny1
I s x q ??? qx q x q q q ??? qnq1 nykq1 n nq1 x x xnykq2 nykq1 n
x x x x xn n nq1 nq1 nykq1q q q q q
x x x x xny1 nq1 n nykq1 nq1
x x x xnykq1 nykq2 ny1 ns x q ??? qx q q q ??? q qnykq1 n x x x xnykq2 nykq1 n ny1
1 1 1
q x 1 q q q x q x .nq1 n nykq1 /x x xn nykq1 nq1
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x x x xnykq1 nykq2 ny1 ns x q ??? qx q q q ??? q qnykq1 n x x x xnykq2 nykq1 n ny1
x q x x x q x q x x .n nykq1 n nykq1 n nykq1 nykq q
x x xnyk n nykq1
x x x xnyk nykq1 ny1 ns x q ??? qx q q q ??? q qnyk n x x x xnykq1 nyk n ny1
x xn nykq q s I .nx xnyk n
 .Since I s I for every solution of Eq. 2.5 , it follows that I s const.nq1 n n
and the proof is complete.
 .Remark 2.3. Equation 2.5 when k s 1, reduces to the equation
x 2n
x s 2.7 .nq1 x q 1 x .n ny1
which possesses the invariant
x xny1 n
I s x q x q q s const.,n ny1 n x xn ny1
 w x.for all n G 0 see 6 .
Remark 2.4. Unfortunately, we cannot conclude from the invariant
 .  .2.6 that every solution of Eq. 2.5 is bounded and persists. In fact it is
w x  4  .shown in 6 that for every solution x of Eq. 2.7 , lim x s 0.n n
 w x.E. A. Grove, V. L. Kocic, and G. Ladas have proved see 2 that the
difference equation
a q bx q cx 2n n
x s , n s 0, 1 . . . 2.8 .nq1 2c q dx q ex x .n n ny1
possesses the invariant
a 1 1 x xny1 n
I s q b q q c q q d x q x .n ny1 n / /x x x x x xny1 n ny1 n n ny1
qex x s const.ny1 n
 .Remark 2.5. Equation 2.8 , when a s 1, b s c s d s 1, and e s 1,
reduces to the equation
1
x s , n s 0, 1, . . . 2.9 .nq1 2x xn ny1
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which possesses the invariant
1
I s x x q . 2.10 .n ny1 n x xny1 n
 4  .  4Observe that if x is a solution of Eq. 2.9 then 1rx is also a solutionn n
 .  4of Eq. 2.9 . Moreover, suppose that x , x ) 0. Then the solution x ofy1 0 n
 .Eq. 2.9 with initial data x , x is given byy1 0
1  .2 n y 2 nq1x s x x x , x s x x , n s 0, 1, . . . . .  .2 n 0 0 y1 2 nq1 0 y1x0
 4  .Therefore, for any solution x of Eq. 2.9 , the subsequence of odd termsn
and the subsequence of even terms tend strictly to zero and infinity, and
vice versa, according to whether x x ) 1 or x x - 1. But if x x s 10 y1 0 y1 0 y1
 4  4the solution x is given by x , x , 1rx , x , . . . which is eventuallyn y1 0 0 0
periodic of period 2.
 .Note that from the invariant 2.10 we cannot conclude that every
 4solution x , with positive initial conditions x , x such that x x / 1,n y1 0 0 y1
is bounded or persists.
3. INVARIANTS OF SYSTEMS OF
DIFFERENCE EQUATIONS
Consider the system of difference equations
x s f x , y , . . . , w .nq1 1 n n n
y s f x , y , . . . , w .nq1 2 n n n n s 0, 1, . . . . 3.1 .
. . .
w s f x , y , . . . , w .nq1 k n n n
 .Assume that there exists a nontrivial function I x , y , . . . , w such thatn n n
 4  .for every solution x , y , . . . , w of 3.1 and for every n s 0, 1, . . .n n n
I x , y , . . . , w s const. 3.2 .  .n n n
 .  .Then we say that 3.1 possess of the invariant 3.2 .
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THEOREM 3.1. The system of difference equations
 4max x , y , z , . . . , w , An n n n
x snq1 xn
 4max x , y , z , . . . , w , An n n n
y snq1 n s 0, 1, . . . 3.3 .yn
. . .
 4max x , y , z , . . . , w , An n n n
w snq1 wn
possesses the in¨ariant
x y y z w xn n n n n n
I s q q q q ??? q q s const.n  /  /  /y x z y x wn n n n n n
Proof. The proof of Theorem 3.1 is trivial and will be omitted.
Remark 3.1. The system of difference equations
 4  4max x , y , A max x , y , An n n n
x s , y s , n s 0, 1, . . .nq1 nq1x yn n
possesses the invariant
x yn n
I s q s const.n y xn n
Observe also that the system of difference equations
 4  4max x , y , A max x , y , An n n n
x s , y s , n s 0, 1, . . .nq1 nq1y xn n
possesses the invariant
xn
I s s const.n yn
Note that the previous invariants do not imply boundedness and persis-
tence of the solutions of the corresponding systems.
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THEOREM 3.2. The system of difference equations
 4max x , y , . . . , w , An n n
x snq1 xny1
 4max x , y , . . . , w , An n n
y snq1 n s 0, 1, . . . 3.4 .yny1
. . .
 4max x , y , . . . , w , An n n
w snq1 wny1
possesses the in¨ariant
1 1 1 1
I s max 1, , . . . , max 1, , . . . ,n  5  5x w x wny1 ny1 n n
 4=max A , x , . . . , w , x , . . . , w s const. 3.5 .ny1 ny1 n n
Proof. For simplicity, we set
 4max x , y , . . . , w , A s P .n n n
Then,
1 1 1 1
I s max 1, , . . . , max 1, , . . . ,nq1  5  5x w x wn n nq1 nq1
 4= max A , x , . . . , w , x , . . . , wn n nq1 nq1
1 1 x wny1 ny1s max 1, , . . . , max 1, , . . . , 5 5x w P Pn n
P P
 4= max max A , x , . . . , w , , . . . ,n n 5x wny1 ny1
1 1 1
 4s max 1, , . . . , max P , x , . . . , wny1 ny1 5x w Pn n
1 1
= Pmax 1, , . . . , 5x wny1 ny1
1 1
 4s max 1, , . . . , max max x , . . . , w , A , x , . . . , w 4n n ny1 ny1 5x wn n
1 1
= max 1, , . . . , 5x wny1 ny1
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1 1
 4s max 1, , . . . , max A , x , . . . , w , x , . . . , wny1 ny1 n n 5x wn n
1 1
=max 1, , . . . , s I .n 5x wny1 ny1
Since I s I , it follows that I s const. and the proof is complete.nq1 n n
THEOREM 3.3. The system of difference equations
 4  4max x , y , A max x , y , An n n n
x s , y s , n s 0, 1, . . . 3.6 .nq1 nq1x y y xny1 n ny1 n
possesses the in¨ariant
1 1
 4I s max 1, , max A , x , y , x , y s const.,n ny1 ny1 n n 5x y y xny1 n ny1 n
3.7 .
for all n G 0.
Proof. For simplicity, set
 4max x , y , A s P .n n
Then,
1 1
 4I s max 1, , max A , x , y , x , ynq1 n n nq1 nq1 5x y y xn nq1 n nq1
y x x y P Pnq1 n ny1 n  4s max 1, , max max A , x , y , ,n n 5  5x P y P x y y xn n ny1 n ny1 n
y x 1 1ny1 ny1s max 1, , Pmax 1, , 5  5P P x y y xny1 n ny1 n
1 1
 4s max P , y , x max 1, ,ny1 ny1  5x y y xny1 n ny1 n
1 1
 4s max A , x , y , x , y max 1, , s I .ny1 ny1 n n n 5x y y xny1 n ny1 n
Since I s I , it follows that I s const. and the proof is complete.nq1 n n
 .From the invariant 3.7 we obtain the following result.
 .COROLLARY 3.2. E¨ery solution of 3.6 is bounded and persists.
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